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1. Introduction 
We consider finite undirected graphs, possibly with multiple edges but without 
loops. Let G be a graph and let V(G) and E(G) be the set of vertices and edges of G, 
respectively. We allow a repetition of vertices (but not edges) in a path and cycle. For 
x, ye V(G), 2.(x, y; G) denotes the maximal number of edge-disjoint paths between 
x and y, a path P= P[x, y] denotes a path between x and y, and 
i(G) = minx,yEVCGJ A(x, y; G). For X, YC V(G), with Xn Y=@, a(X, Y; G) denotes the 
set of edges with one end in X and the other in Y, and set i3(X; G)=a(X, V(G)-X; G), 
e(X, Y; G) = 1 a(X, Y; G)I and e(X; G) = 13(X; G)I. In the notations, we often omit G. 
WesetT(G,k)={Zc V(G)lf or each a, bEZ, ,?(a, b; G) 3 k}. For natural numbers k > n, 
we call a path (or cycle) P in G n-reducible if j.(G)> k and j_(G- E(P))3 k- n. If 
P contains a vertex of degree k as an inner vertex, then P is not l-reducible. The 
problem we consider is what kinds of 2-reducible paths and cycles there exist. Lemma 
2.1 gives one answer to this problem. For even k, we can find much more 2-reducible 
paths and cycles. The author has proved the following: 
(1.1) (Okamura [4]). If k>4 is even, A(G)> k,s, f are vertices, andf,,f, are edges, 
then there is a 2-reducible cycle containing {f1,f2} and a 2-reducible path P[s,t] 
containing fi . 
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(1.2) (Okamura [6]). Suppose that k > 2 is even, A(G) 2 k, and s, U, u, t are distinct 
vertices. Then the following holds: 
(a) IffiEa(s,u),f2Ea(u,v),f3Ea(u,t), and for each X c V(G), with {f1,fi,f3} c a(X), 
e(X)> k+ 2, then there is a 2-reducible cycle containing {f1,fi,f3). 
(b) If fi~8(s, u), ~*Ec?(u, u)ud(u, t), and for each XC V(G), with Xn {s, u, u, t} = 
{s, u}, e(X)>k+ 1, th en there is a 2-reducible path P[s, t] containing (fl ,fi}. 
On the other hand, for each odd k33, (1.1) is not always true. In fact, we can 
construct graphs which contain two vertices x and y such that each cycle containing 
{x, y} is not 2-reducible [S], which t ogether with (l.l), solves a question of Mader [2]. 
For odd k, (1.2a) is not true in the graph in Fig. 1, and (1.2b) is not true, iffiE8(u, t), in 
the graph in Fig. 2, in which (k + 1)/2 and (k - 1)/2 denote the number of parallel edges; 
however, (1.2b) is true if.f,Ed(u, u), which is our result. 
Theorem 1.1. If k> 3 is odd, A(G)> k, s, u, u, t are distinct uertices,fi E~(s,u),~~Ec?(u, u), 
and for each X c V(G), with X n {s, u, u, t} = {s, u}, e(X)> k + 1, then there is a path 
PCs, t] containing { fi ,f2} such that A(G-E(P))>k-2. 
The 2-reducible path problem is itself interesting and also very connected with 
edge-disjoint paths problem, which poses the question: When do pairwise edge- 
disjoint paths joining given k pairs of vertices exist? In fact, (1.1) becomes a powerful 
tool in [S] and [7]. Theorem 1.2 is a generalization of Theorem 1.1, and it seems more 
useful for the edge-disjoint paths problem. 
We call S c V(G) dummy if (1.3) below holds. 
(1.3) S=& {b} or {b,b’), e(b’)=k-1 and e(b)fk-1 is even. 
Theorem 1.2. Suppose that k > 3 is odd and 
(i) V(G)= Tu WuS (disjoint union), T= (s,u,u, t}, S is dummy, fi~8(s,u), and 
f* E&4 4, 
(k-l)/2 
Fig. 1. Fig. 2. 
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(ii) For each x~Tu W- {s,u}, e(x)3k, e(s)>k- 1, e(u)ak- 1, and e(s) or e(u)>k, 
(iii) V(G)-b~r(G, k- l), and W*eT(G, k)for W* = {x~ V(G)le(x)>k}, 
(iv) For each X c V(G) with Xn T= {s, u}, e(X)> k+ 1. 
Then there is a path P[s,t] such that {fI,f2} c E(P) and W*ufs}~r(G-E(P), k-2). 
Let XC V(G) and XEV(G). We set N(X;G)=(UEV(G)-Xle(a,x)>O}. G/X de- 
notes the graph obtained from G by contracting X, and, for UEX, we denote the 
corresponding vertex in G/X by 5. We call X c V(G) a k-set if 1x122, Ixl>2, and 
e(X)= k, a k-set X is called minimal if for each Z c X, with IZI 32 and Zf X, 
e(Z)>k+l. For a,b~N(x), with a#b, f~a(x,a) and gEa(x,b), GU;” and GJ~g denote 
the graph (VG),(E(G)uh)-{f;gj), h w ere h is a new edge between a and b, and is 
called a lifting of G at x arising from the lifting offand g at x. We call G:b admissible if 
for each y,z~ V(G)-x, with yfz, i.(y,z; G”,.b)=i(y,~;G). 
2. Proof of Theorem 1.2 
Lemma 2.1 (Okamura [3]). Suppose that A(G)> k>2 and {s, t} c TcT(G, k). Then the 
following holds: 
(1) If,fi,f2~a(s), then there is a cycle C such thatf,,f,EE(C) and TET(G-E(C), 
k-2). 
(2) Zjf~d(s), then there is a path PCs, t] such that foe, TET(G- E(P), k - 2), and 
A(s,t;G-E(P))ak-1. 
Lemma 2.2 (Mader Cl]). Zf xe V(G), e(x) 24, IN(x)1 3 2, and x is not a cut-vertex, then 
there exists an admissible lifting of G at x. 
By simple counting, we have the following lemma. 
Lemma 2.3. Zf X, Y c V(G), then 
e(X- Y)+e(Y-X)=e(X)+e(Y)-2e(Xn Y,Xu Y), 
e(Xn Y)+e(Xu Y)=e(X)+e(Y)-2e(X- Y, Y-X). 
Lemma 2.4. Zf k 3 3 is odd, V(G) = X1 uXz (disjoint union), e(X,) = k + 1, jV(G/Xi) 2 k 
(i= 1,2), and, for some XEX~, 3.(x. X,)=k+ 1, then A(G)>k. 
Proof. Assume that, for some Y c V(G), e(Y)< k- 1. Then Y $ Xi (i= 1,2). By 
Lemma 2.3, we have e(XinY)=k and e(X,- Y)=k (i=1,2), contrary to 
i(x, X,)= k+ 1. 0 
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We may now assume that G is 2-connected. If e(u) = d1 > k -t 1, then we replace u 
by d, -2 vertices of degree k and one vertex of degree k+ 1, and, if e(v)=d2 > k, 
then we replace u by dz vertices of degree k, and assign u and v on adjacent new 
vertices (Fig. 3 gives an example with d, = 7, dz = 6, and k = 5), producing a new graph 
G1. If the result holds in G1, then it also holds for G. Thus, we may assume the 
following: 
(2.1) e(u)<k+l, and, for each XEW*-u, e(x)=k. 
Now we proceed by induction on IE(G)I. We denote the set of required paths by 
%G,fi,fi,t, W*). 
(2.2) If XC V(G), 1x122, 1x122, and XnT#(u,u}, (s,t}, then e(X)ak+ 1. 
Proof. If e(X)= k- 1, then we may let X c V(G)- W*, and the result holds in G/X. 
Thus, e(X)2 k, and each vertex in X has even degree, and so e(X)> k+ 1. Assume 
e(X)=k. If IXnTI= 1, then G/X has a required path P1. If XnT=(t}, then let 
gEE(P)na(X). By Lemma 2.1(2), G/X has a path PZ[S,t] such that gEE(P,), 
(W’*nX)u{5}Er(G/%E(Pz),k-2) and n(t, 5; G/X - E(PZ )) = k - 1. Let 
P= PI u P2 in G. Then by Lemma 2.4, TV WI E~(G- E(P), k - 2). If X n T= {s) and 
e(s)= k- 1, then for some XEX, e(x)=k and 1*(x, d;G-E(P,))=k-1; thus, 
W* u {s)~r(G - E(P,), k -2). If X n T= {u}, then we can extend P, to a required path 
P for G by using Lemma 2.1(l) in G/x. If Xn T= {s, u}, then we can use Lemma 2.1(2) 
in G/X. 0 
(2.3) IfXc V(G), (X122, and XnT={u}, then e(X)ak+2. 
Proof. By (2.2), e(X) 3 k + 1. Assume e(X) = k + 1. G/X has a required path PCs, t]. If 
e(u)=k+ 1, then e(u,X;G-E(P))= k- 1, and, by Lemma 2.4, W*u{s)eT(G-E(P), 
k-2).Ife(u)=k,thenforsomex~X-ue(x)isodd;thus,e(x,~;G-E(P))=k-l. 0 
(2.4) e((u,v})>k+l. 
Fig. 3. 
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Proof. Assume e( {u, v})=k. Then either e(u)= k + 1 and e(u)= k, or e(u)= k and 
e(v)=k- 1. If N(u)={s,vj, th en e({s,u,u})=e(s)+e(u)-e(v)-2e(s,u)<k+l-2=k-1, 
a contradiction. Thus, for some XE V(G)- {s, u}, there is an hcd(u, x). If x = t, then the 
result follows. If x # t, then, by (2.9, ~(G/{u, u], fi,h,t, (W*-{u,u))u{~})#0. 0 
(2.5) s=0. 
Proof. Assume YES, and let N(b)=(xl, . . ..x.}. Then n33, and, by Lemma 2.2, for 
some i#j, Gb Y1’bJ is admissible, say for i= 1 and j=2. By (2.1))(2.3), for each XE V(G), 
e(b,x)<e(b)/2. Thus, we can choose x1,x2 as xi#b’ (i= 1,2). For 1 <i<j<n, let 
Mi,j= 
Xc V(G)-b {xi,xj}cX,e(X)dk+2,and XnT={~,tf 
or {s,v]. 
If Ml, 2 = 8, then, by induction, the result holds in Cc”“‘; thus, Ml, 2 #$I 0 
(25.1) G has no k-set. 
Proof. For, if G has a k-set Y, then, by (2.2), we may let Yn T= {s, t]. For an XE Ml, 2, 
e(X)=k+2. If XnT={u,t}, then, by Lemma 2.3, e(Xn Y)+e(XuY)d2k. 
e(XnY)>kk; so, e(XuY)<k and XUY=(U}. Thus, beY-X, and, by (2.2), 
e( Y-X)2 k-t 1. By (2.3) and (2.4), e(X - Y)3 k+ 2, contrary to Lemma 2.3. If 
XnT=(s,v}, then e(Y-X}3k. So, e(X-Y)<k, X-Y={u>, and, by Lemma 2.3, 
e(Xn Y, Xu Y)=l. Thus, bE Y-X. By (2.3) and (2.4), e(Xu Y)3k+2; so, 
e(Xn Y)dk and Xn Y=(s), since {xl,xz}={s,~}, e(X- Y, Y-X)>O, contrary to 
Lemma 2.3. q 
We choose X1~M1,z such that IX11 is maximum. We may let xg,xq$X1, for, if 
N(b) -X1 = {x3}, then e(b, x3) = e(b)/2. We prove the following: 
(2.5.2) Zf Gt’,” (i= 1,2) are not admissible, then e(xi)=k (i= 1,2,3) and 
e(xj,xi)=(k-1)/2 (i= 1,2). 
Proof. For (i,j)=(1,2), (2, l), for some YiC V(G)-jb,xj), {xi,X3} c Iii, e(q)=k+ 1, 
and a(x) separates IV*. e(xi)> k (i= 1 or 2), say for i=2. By Lemma 2.3, 
e(Yl-Y2)+e(Y2-Yl)<2k. If e(Yl-YZ)3k, then e(Yl-Y,)=e(Y,-Y,)=k; so, by 
(2.5.1), Y, - Y, = (Xl} and Y,- Y, =(x2}. e(Yi n Y,) and e(Y, u Y,) are odd; so, 
e(Y,uY,)>k+2sinceG~““” is admissible. Thus, by Lemma 2.3, e(X n Y) = k. Hence, 
Xn Y={xj} and e(xi,xj)=(k-1)/2 (i=1,2). If e(Y,-Y,)=k-1, then 
Y,-Y,={~~~=rs}or{~},ande(Y,-Y,)=k+l.Thene(Y,nY,)ande(Y,uY,)are 
even. Since y2n W*#@, we have (YluY2)n W*#@; so, e(YluY2)>k+3. Thus, 
e(Y1nY2)=k-1 and YlnYz={xg}=(b’}. Hence, Yin W*=@, a contradiction. 
Now (2.5.2) is proved. 0 
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By (2.5.2), for i = 1 or 2 and j = 3 or 4, Gi”“j IS admissible, say for i = 1 and j = 3. Let 
X*EM1,3; then X1 - X, # 8, since 1 X 1 1 is maximum. 
CUSS 1: XinT={s,U} (i=1,2) (or XinT={u,t} (i=1,2)). 
By Lemma 2.3, e(X,-X,)+e(X,-X,)~2k+4-2e(u,{s,u))-2e(b,x,)=2k-2, 
contrary to (Xi-X,)u(X2-X,)c Wu(b’}. 
Case 2: Xi n T= (s, u} and X, n T= {u, t}. 
e(X,-X,)+e(X,-X1)G2k+4-2e(b,xI)=2k+2; so, e(X1-X2)=e(X,-XI)= 
k+l. Thus, e(XInXz) and e(X,uX1) are odd; so, e(XIuX1)>k+2. Since 
e(X,nXz)+e(X1uXz)<2k+4-2e(u,(s,v})=2k, e(X,nX,)<k-2, a contradic- 
tion. 0 
(2.6) The following do not hold: 
(a) G has a k-set X with X n T= {s, t}. 
(b) G has a (k+ 1)-set Y with Yn T= {s, u}. 
Proof. If both (a) and (b) hold, then e(X- Y, Y-X)<2k- 1. Thus, Y-X = {u}, 
X-Y=(t), and e(u)=k-1. By (2.3) and (2.4), e(XuY)>k+2, and e(XnY)ak, 
a contradiction. 0 
(2.7) If xi, X~E IV1 and g&(x1,x2), then (a) with gEa(X), or (b) with gEa( Y) 
holds. 
Proof. Otherwise, there is a PEP(G-g,f,,f,, t, W*-{x1,x2}). If {xl,xs} c I’(P), 
then we replace the subpath of P between xi and x2 by g. 0 
(2.8) Zfxl,x2g IV,, then e(xI, x2)=0. 
Proof. Assume gEd(xl, x2); then, by (2.7), (a) or (b) holds. 
Case 1: (a) with gea(X) holds. 
Let Xi and X2 be minimal k-sets such that {s, t} c X, c X and (u, v} c Xz c X. 
Then the following holds: 
(2.8.1) I’(G)=X,uX2. 
For, if X1 #X, then let Y be a minimal k-set such that X, c Y c X and Xi Z Y, 
and let yl~Y-X, (c PI’). e(y,,X,)<(k-1)/2 and e(y,, Y)<(k-1)/2; so, for some 
~,EY--X~, there is an h&(y,,y,). Then, by (2.7) and (2.6), there is a k-set Z with 
h&(Z) and ZnT={s, t}. By Lemma 2.3, e(X, nZ)=k and (s, t} cXlnZ; so, 
X1 c Z. By Lemma 2.3, e( YnZ)= k, X1 c YnZ t Y and X1 # YnZ # Y, contrary to 
the minimality of Y. Thus, Xi = X and, similarly, X2 =X. 
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It is easy to see the following: 
(2.8.2) If yl,y,EXin WI (i= 1 or 2), then e(y,,yz)=O. 
We may let Xi~Xi (i= 1,2). N(xz)cX, U(U,V} and e(xz,Xl)<(k- 1)/2; SO, there is 
an hi~a(x~,v). By (2.3) ~(G/X,-(f,,f,,hl,g))3k-2. Now there is an hZ~d(xl,t), 
and &G/X2 - {h, g, h,}) B k - 2 by (2.2). 
Case 2. (b) with gEa( Y) holds. 
By (2.6) G has no k-set. Let Y, and Y, be minimal (k+ l)-sets such that 
{s, o} c Y, c Y and (u, t} c Y, c Y. In the same way as (2.8.1) and (2.8.2) we can prove 
the following: 
(2.8.3) V(G)= Yi u Y, and, if {yl,y2} c Yin W, (i= 1 or 2), then e(y,,y,)=O. 
We may let XiE x (i= 1,2). There is an h, cd(xl, u) and k2Ed(xa, t). 
i(G/Y,-{f,,f,,k,,g})3k-2 since G has no k-set, and A(G/Y,-{f,,f,,g,k,})>k-2 
by (2.3). This completes the proof of (2.8). 0 
Assume that {s,u} separates v from t. Since e({u,s})<2k-1, we have e(u)=k-1, 
V(G)=T, e(u)=k+l, and e(s)=k. If e(t,s)a(k+1)/2, then e({t,s))<k, and, if 
e(t, u) 3 (k + 1)/2, then e( {u, t>) d k, a contradiction. Thus, G - {s, U} has a path P[v, t]. 
BY (2.8), VP) = (0, t} or {u, x, t} for some XE W1 . If there is an kd(v, t), then 
3,(G- {fi,f2, k))>k-2. If e(u, t)=O, then there are hIEd and kzE8(x, t). By (iv) of 
the hypothesis and (2.2) and (2.3), A(G-{fl,f,,k,,k,})3k-2. 0 
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